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Abstract

The study of the W eb as a net w ork has resulted in a b etter understanding of the so ciology

of W eb con ten t creation. This has paid o� in higher precision searc h engines and more e�ectiv e

algorithms for data mining the W eb. This pap er reviews the researc h in this area in the broader

con text of so cial net w orks.

1 In tro duction

The div erse authorship, st yle and distributed con ten t creation on the W eb are in sharp con trast to

the more con trolled and homogeneous domain of classical information retriev al. Link analysis has

led to tec hniques that ha v e dramatically impro v ed the searc h exp erience on the W eb. This in turn

has spa wned researc h in to the W eb's link structure in its o wn righ t, ranging from graph-theoretic

studies (degree sequences, connectivit y) to comm unit y mining and kno wledge managemen t.

Mo dern so cial net w ork theory is built on the w ork of Stanley Milgram [19 ]. In 1967, Milgram

conducted exp erimen ts in whic h eac h of sev eral sub jects in Omaha, Nebrask a had to con v ey a letter

to his asso ciate in Boston. They could only send the letter to someone they knew on a �rst-name

basis, who in turn had to forw ard to p eople they knew on a �rst-name basis with the ob jectiv e of

getting the letter to Milgram's asso ciate with the smallest n um b er of \hops". Milgram found that

the median path length tak en b y successfully deliv ered letters w as six, leading to the folklore that

an y t w o p eople in the United States are link ed in a so cial net w ork with \six degrees of separation."

In this pap er, w e review t w o link analysis algorithms and t w o structural disco v eries ab out W eb

top ology . There is a strong structural similarit y b et w een the W eb as a net w ork and so cial net w orks.

It is our b elief that these similarities will lead to progress in kno wledge managemen t. W e presen t

a n um b er of researc h c hallenges that m ust b e addressed in this arena.

Notation. W e view the W eb as a dir e cte d gr aph , with no des (i.e., the pages) and directed e dges

(i.e., links) b et w een certain pairs of the no des. The notation q ! p denotes that page q links to

page p . W e sa y p is an out-link of q and q is an in-link of p . The adjac ency matrix A of a graph of

n no des is an n � n matrix with A ( p; q ) = 1 if and only if p ! q . The n um b er of pages that p oin t

to p is called the in-de gr e e of p and is denoted indeg ( p ) and the n um b er of pages that p p oin ts to

is called its out-de gr e e , denoted b y outdeg ( p ).
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2 Link analysis of the W eb

T ext-based searc h engines often function rather p o orly on the W eb | the sheer v olume of data

and the lo w signal-to-noise ratio mak e them undesirable for lo cating high-qualit y pages for a giv en

topic. T ext-based engines do not exploit the annotativ e p o w er of links. Sp eci�cally , when the

author of a W eb page links to another, it represen ts an implicit \endorsemen t" of the page b eing

link ed to. F rom the collectiv e judgmen t in the set of suc h endorsemen ts, a searc h system can distill

highly relev an t con ten t from the W eb. Klein b erg [16 ] and Brin and P age [6 ] pioneered the use of

link information in devising searc h algorithms for the W eb.

The HITS algorithm. HITS [16 ] iden ti�es t w o kinds of pages on the W eb | authorities , whic h

are pages that are authoritativ e sources of information for the query and hubs , whic h are resource

lists con taining p oin ters to a list of resources on the topic. This relationship is m utually reinforcing

| go o d h ubs p oin t to go o d authorities and vice v ersa. The HITS algorithm formalizes this in to an

iterativ e computation, using a sampling phase and a weight-pr op agation phase. The sampling phase

uses the query terms to collect a r o ot set of pages from a text-based searc h engine and expands

this ro ot set in to a b ase set b y including all pages that are link ed to b y pages in the ro ot set, and

all pages that link to a page in the ro ot set. The idea is that ev en though the ro ot set migh t not

con tain the b est pages for the query , the base set will.

The w eigh t-propagation phase w orks with the subgraph induced b y the base set. The algorithm

assigns a non-negativ e authority weight a

p

and a non-negativ e hub weight h

p

with eac h page p in

the base set, b oth initialized to 1. The up date rule for authorit y and h ub w eigh ts is:

a

p

=

X

q : q ! p

h

q

;

h

p

=

X

q : p ! q

a

q

: (1)

The algorithm iterativ ely up dates these w eigh ts b y rep eating the ab o v e computations. F ollo wing

the iterations, the authorities (resp. h ubs) are presen ted b y the ordering of the authorit y (resp.

h ub) v alues.

The authorit y (resp. h ub) v alues for all the pages form the v ectors ~ a (resp.

~

h ). The up date rules

translate to ~ a  A

T

~

h and

~

h  A ~ a . W e th us ha v e the linear system ~ a  ( A

T

A ) ~ a and

~

h  ( AA

T

)

~

h .

The authorit y (resp. h ub) v ector is th us the princip al eigenve ctor of the matrix A

T

A (resp. AA

T

).

The up date rules in Equation (1) turn out to b e p ower iter ations for computing these eigen v ectors.

(See the b o ok b y Golub and V an Loan [15 ] for bac kground on eigen v ectors and p o w er iteration.)

Tw o p oin ts are notew orth y here. Since the p o w er iteration con v erges to the principal eigen v ector

for an y \non-degenerate" c hoice of the initial v ector, our initial c hoice for the authorit y and h ub

v alues is inconsequen tial. Secondly , although the con v ergence of eigen v ector v alues is guaran teed,

w e are only in terested in the ordering of these v alues and not their n umerical v alues p er se .

Extensions to HITS. HITS sometimes has a tendency to generalize or drift to a nearb y topic,

esp ecially when there are h ubs that are quite div erse in the topics they co v er. T o address these

and other issues, a n um b er of researc hers [4 , 8, 9] in tro duced man y v arian ts to the basic HITS

algorithm. Chakrabarti et al. [8 ] use the text surrounding a h yp erlink (called the anchortext ): this

text is matc hed against the query term to obtain a w eigh ted v ersion of Equation (1). In further

w ork, Chakrabarti et al. [9 ] use the tags on a large h ub page to break it in to smaller hublets so that

the links within a h ublet sta y topically fo cused. Additionally , if sev eral pages from a single domain
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participate as h ubs, their w eigh ts are scaled do wn so as to prev en t a single site from b ecoming

dominan t. These heuristics, while retaining the clean mathematical prop erties of HITS (in terms

of con v ergence, etc.), exploit the con ten t of a page. Bharat and Henzinger [4] presen ted a n um b er

of di�eren t extensions to the basic HITS algorithm, substan tiating the impro v emen ts via a user

study . Some of their heuristic impro v emen ts include: w eigh ting pages based on ho w similar they

are to a giv en query topic and a v eraging the con tribution of m ultiple links from an y giv en site to

a sp eci�c page.

P agerank. A di�eren t w a y of utilizing link information w as prop osed b y Brin and P age [6 ]; this

has b ecome the basis of the successful W eb searc h engine Google (go ogle.com). Here a query-

indep enden t ranking (called the p ager ank ) of all pages is obtained via link analysis. The pagerank

of a page p is the limiting fraction of the time sp en t at p b y the follo wing pro cess: at eac h step

with probabilit y � the pro cess jumps to a random page on the W eb and with probabilit y (1 � � )

it follo ws a random out-link (if an y presen t) from the curren t page. T ypically , � is c hosen to b e

around 0 : 15. The pagerank of a page is giv en b y its en try in the principal eigen v ector of the matrix

(1 � � ) A

T

+ � 1 , where 1 is the matrix of all ones. The main adv an tage of pagerank comes from the

fact that it is a static ordering and so, giv en a query term, the pages that con tain the query term

can b e retriev ed using a traditional text-based indexer and displa y ed in the pagerank order. While

pagerank is rep ortedly a comp onen t in Go ogle, it is not the only one; man y other clev er heuristics

go in to the making of a successful commercial searc h engine.

Salsa. Salsa[18 ] is a v arian t on HITS. De�ne t w o matrices, W = [ w

ij

] where w

ij

= a

ij

= outdeg ( i ),

and W

0

= [ w

0

ij

] where w

0

ij

= a

j i

= indeg ( j ). Here A = [ a

ij

] is the adjacency matrix used in HITS. It is

easily v eri�ed, that b oth W and W

0

are sto c hastic, and th us represen t Mark o v c hains. Consequen tly ,

H = W W

0

and A = W

0

W to o are sto c hastic (pro ducts of sto c hastic matrices remain sto c hastic).

Salsa uses the principal (left) eigen v ectors of H and A to rank pages as h ubs and authorities

resp ectiv ely .

Boro din et al. [5] pro vide a comparativ e study of these algorithms and other v arian ts.

3 Comm unities on the W eb

A comm unit y on the W eb is a collection of W eb pages that deal with a common topic, presumably

created b y p eople with o v erlapping in terests. Man y comm unities are explicitly a v ailable on the

W eb | for example, newsgroups, email groups and mailing lists, W eb rings, p ersonal W eb pages

in p ortals, etc. On the other hand, man y more are implicit. Ho w ev er, b ecause of their ev olving |

and in man y cases short-liv ed | nature, it is a formidable task to k eep trac k of these comm unities

man ually . A metho d for extracting these implicit comm unities automatically w as prop osed b y [17 ].

The success of HITS suggests that comm unities con tain at their core a dense pattern of link age

from h ubs to authorities. This motiv ates the iden ti�cation of dense bipartite graphs as signatures

of W eb comm unities. By directed dense bipartite graph w e mean a graph whose no des can b e

partitioned in to t w o sets A and B suc h that most p oten tial links directed from a no de in A to a

no de in B are in fact presen t. Giv en this c haracterization of comm unities, man y of them can b e

exp ected to con tain smaller bipartite subgraphs (called c or es ) that are in fact c omplete bip artite

gr aphs : eac h no de in A has a link to eac h no de in B . The idea is to en umerate the cores and gro w

eac h core to the comm unit y it represen ts, using algorithms similar to those in Section 2.
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The tec hnique used for en umerating suc h cores is called tr aw ling . The main c hallenge is the

e�cien t en umeration of cores. Naiv e en umeration is infeasible: consider the example of examining

ev ery set of six W eb pages to see whether three of them all p oin t to the other three (3 � 3 cores).

Ev en on a subset of the W eb with 100 million pages, this w ould require the examination of o v er

10

40

subsets. The k ey then is to e�cien tly prune a w a y most of these subsets from con ten tion. The

pap er [17 ] describ es a family of suc h pruning tec hniques and sho w that all cores with up to t w en t y

W eb pages can b e en umerated exhaustiv ely on a standard desktop PC in ab out 3 da ys of running

time. They used a cra wl from Alexa ( www.alexa.com ) circa 1997.

The exp erimen t yielded ab out 130,000 3 � 3 cores. W ere these link age patterns coinciden tal?

Man ual insp ection of a random sample of ab out 400 comm unities suggested otherwise: few er than

5% of the comm unities disco v ered lac k ed a unifying topic. Moreo v er, ab out 25% of the comm unities

w ere not represen ted in Y aho o!, ev en in 1999. Of those that do app ear in Y aho o!, man y app ear

at as deep as the sixth lev el in the Y aho o! topic tree. Some sample comm unities iden ti�ed b y the

study include: the comm unit y of p eople in terested in Hekiru Shiina , a Japanese p op singer; the

comm unit y of p eople concerned with oil spills o� the coast of Japan; and the comm unit y of T urkish

studen t organizations in the U.S. These studies lead to b eliev e that tra wling a curren t cop y of the

W eb will result in the disco v ery of man y more comm unities that will b ecome explicitly recognized

in the future.

In a more recen t w ork [14 ], a sligh tly di�eren t notion of comm unities w as de�ned. In this w ork, a

comm unit y is a collection of W eb pages that ha v e more links to the mem b ers of the comm unit y than

to non-mem b ers. Mem b ers of a comm unit y can b e found using maxim um 
o w b et w een a source

(consisting of kno wn mem b ers of the comm unit y) and a sink (consisting of kno wn non-mem b ers of

the comm unit y). Unfortunately , this approac h is not fully automatic since it requires sp ecifying

the source and sink explicitly . Moreo v er, unlik e tra wling, it is unclear ho w to scale these algorithms

for the en tire W eb.

4 Connectivit y and the diameter of the W eb

Bro der et al. [7 ] aimed to understand the connectivit y prop erties of the W eb | is the W eb w ell-

connected or do es the W eb break in to small pieces? Is it p ossible to reac h an y page from an y

other page b y just follo wing h yp erlinks? These questions receiv ed imp etus from w ork of Barabasi

et al. [2 , 3] suggesting that the diameter of the W eb digraph is 19.

Bro der et al. �rst studied a cra wl of the W eb from Alta vista consisting of o v er 200 million

pages and 1.5 billion links, subsequen tly v alidating their �ndings on larger cra wls. The results from

this pap er can b e classi�ed in to three categories | degree distributions, the b o wtie structure, and

distance/diameter studies of the W eb. Sev eral earlier studies on small p ortions of the W eb demon-

strated a p o w er-la w b eha vior for in-degree distributions [17 , 3 ]. The exp erimen ts in [7] con�rm this

phenomenon on a m uc h larger scale. The p o w er-la w exp onen t of the in-degree distribution w as

determined to b e 2 : 1 and has remained consisten t for o v er three y ears. The out-degree distribution

also conforms to a p o w er-la w, alb eit in a less striking manner.

Connectivit y analysis of the W eb graph breaks it in to strongly and w eakly connected comp onen ts.

Recall that a set of W eb pages forms a str ongly c onne cte d comp onen t if there is a path follo wing

h yp erlinks from an y page in the set to an y other. A set of W eb pages is we akly c onne cte d under

a similar de�nition, except that h yp erlinks can b e follo w ed in the forw ard or bac kw ard direction.
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Figure 1: The b o wtie structure of the W eb.

What are the strongly and w eakly connected comp onen ts of the W eb graph? The analysis rev eals

the follo wing b owtie structure (Figure 1), sho wing that the W eb breaks in to four natural pieces.

The �rst is called the SCC , whose ev ery page is reac hable from ev ery other page in the SCC b y

follo wing links. This is the lar gest strongly connected comp onen t of the W eb graph. The SCC

is a collection of the most v aluable resources on the W eb. Most p ortals, univ ersit y home pages,

corp orations, and companies can b e presumed to b e presen t in the SCC. The second piece is called

IN and represen ts those pages that can reac h the SCC, but not vice v ersa. This comp onen t ma y

consist of sites that are fairly new to the W eb and p oin t to pages in the SCC, but their o wn iden tit y

is y et unkno wn to the rest of the W eb. The third piece is called OUT and includes those pages

that can b e reac hed from the SCC, but not vice v ersa. It could consist of pages in corp orate W eb

sites that do not p oin t bac k to an y page in the SCC. The fourth piece consists of those pages that

do not fall in to the ab o v e classi�cation. Some of them are a consequence of dead links.

In the cra wl examined b y Bro der et al. these four pieces are of roughly the same size; this

could v ery w ell b e a strange coincidence as the sizes are in man y w a ys artifacts of cra wling p olicies.

The exact relativ e sizes of the comp onen ts is not the most in teresting asp ect of this �nding; rather

the imp ortan t message out of this study is that the structure of the W eb graph is not one of the

follo wing t w o:

(1) A w ell-connected graph where giv en an y t w o pages, one could clic k from one page and get

to the other.

(2) A fragmen ted graph where p ortions of the graph are w ell-connected but these w ell-connected

p ortions are disconnected from eac h other.

W e no w argue wh y the W eb cannot b e one of the ab o v e. By the w a y in whic h the W eb w as

decomp osed in to four pieces, giv en a pair ( p; q ) of pages, the only situation where q can b e reac hed

from p is when b oth p is in IN or SCC and q is in SCC or OUT. Since the sizes of IN and OUT

are non-trivial, this sho ws that for roughly 3 = 4 of pairs p; q , page q is not reac hable from p . This

disp els p ossibilit y (1). Moreo v er, this is in con trast with earlier studies [2 ] whic h predicted that

the W eb is w ell-connected b y in terp olating connectivit y results from a small set of pages collected
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from a single site.

On the other hand a large fraction of pages (1 = 4 in the study) are in the SCC. Moreo v er, the

second largest strongly connected comp onen t turns out to b e t w o orders of magnitude smaller than

the SCC. This suggests that the W eb do es not break in regions of w ell-connected comp onen ts.

Rather, there is a cen tral SCC that holds most of the W eb together. This disp els p ossibilit y (2).

An o�-sho ot of this study w as to analyze the diameter of the W eb. The diameter of the W eb,

in strict graph-theoretic terms, is in�nite as there are (in fact, man y) pairs of pages in whic h one

cannot b e reac hed from the other. W e need a mo di�ed notion of diameter, called the aver age

c onne cte d distanc e , whic h is the a v erage length of the path from page p to page q , c onditione d up on

q b eing reac hable from p . F rom the study , the a v erage connected distance of the W eb is roughly

16, whic h means that if there is a path from p to q , then on a v erage 16 clic ks are needed to go from

p to q . If w e ignore the directions of the links (i.e., if one has the abilit y to surf to those pages that

p oin t to a giv en page { as apparen tly in the calculation of [2 ]), then the a v erage connected distance

is only sev en. These �ndings suggest that (under some dramatic simpli�cations) the W eb exhibits

a \small-w orld" b eha vior.

5 F ractal nature of the W eb

Sev eral earlier studies of the W eb graph at di�eren t scales [2 , 1, 17 , 7] sho w ed remark able similarities

in v arious measuremen ts of the W eb graph. These observ ations lead to the natural question: to

what exten t is the W eb a fractal? In other w ords, do subgraphs of the W eb lo ok lik e \mini W ebs"?

These and related questions w ere addressed in a recen t pap er [11 ]. The subgraphs studied include a

large in ternet cra wl; v arious subgraphs consisting of ab out 10% of the sites in the original cra wl; 100

W eb sites from the cra wl eac h con taining at least 10,000 pages; ten graphs, eac h consisting of ev ery

page con taining a set of k eyw ords (in whic h the ten k eyw ord sets represen t �v e broad topics and

�v e sub-topics of the broad topics); a set of pages con taining geographical references (e.g., phone

n um b ers, zip co des, cit y names, etc.) to lo cations in the w estern United States; a graph represen ting

the connectivit y of W eb sites (rather than W eb pages); and a cra wl of the IBM in tranet. The graph

prop erties studied include the in- and out-degree distributions, the b o wtie structure (Section 4),

distribution of connected comp onen ts, and the n um b er of comm unities (Section 3).

The main �nding is that self-similarit y in the W eb is b oth p ervasive and r obust . It is p erv asiv e

in that so long as the slice of the W eb considered is meaningful, the slice can b e though t of as a

\mini W eb" | its graph-theoretic prop erties are v ery similar to that of the en tire W eb. It is robust

in that the parameters corresp onding to v arious prop erties do not c hange signi�can tly with the

slice considered. F or instance, for man y of the subgraphs, the p o w er-la w exp onen t of the in-degree

turned out to b e close to 2.1 (see Figure 2 for a log-log plot of the in-degree distribution for �v e of

the \mini W ebs").

Based on this exp erimen tal �nding, one can deriv e a graph-theoretic in terpretation leading to

a natural hierarc hical c haracterization of the graph structure of the W eb. According to this,

collections of W eb pages that share a common trait (for example, all the W eb pages that deal with

golf ) app ear similar to the W eb as a whole. These \mini W ebs" are connected b y a navigational

b ackb one whic h not only ties together the collections of pages, but also ties together the man y

di�eren t and o v erlapping \mini W ebs". The user na vigates through the W eb b y going from one

\mini W eb" to the other uses the na vigational bac kb one.
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Figure 2: Indegree distribution for subgraph of a cra wl (Stream1), golf-related pages (Golf ), ge-

ographically related pages (Geo.W estern), IBM in tranet (IBM.in tranet), and pages corresp onding

to a small corp oration (Sub domain1).

Self-similarit y is p erv asiv e in so cial net w orks. While self-similarit y on the W eb has b een observ ed

in other con texts lik e W eb tra�c [10 ] and ph ysical top ology of the in ternet [13 ], the fractal nature

of the W eb in a graph-theoretic setting adds further evidence to its small-w orld nature.
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